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Recursive Noisy OR—A Rule for Estimating
Complex Probabilistic Interactions
John F. Lemmer and Don E. Gossink

Abstract—This paper focuses on approaches that address the intractability of knowledge acquisition of conditional probability tables in causal or Bayesian belief networks. We state a rule that we
term the “recursive noisy OR” (RNOR) which allows combinations
of dependent causes to be entered and later used for estimating the
probability of an effect. In the development of this paper, we investigate the axiomatic correctness and semantic meaning of this rule
and show that the recursive noisy OR is a generalization of the wellknown noisy OR. We introduce the concept of positive causality and
demonstrate its utility in axiomatic correctness of the RNOR. We
also introduce concepts describing the ways in which dependent
causes can work together as being either “synergistic” or “interfering.” We provide a formalization to quantify these concepts and
show that they are preserved by the RNOR. Finally, we present
a method for the determination of Conditional Probability Tables
from this causal theory.
Index Terms—Bayes, causality, estimation, uncertainty.

I. INTRODUCTION
N THIS PAPER, a theory allowing the tractable construction of more accurate conditional probability tables (CPT)
for Bayesian causal models is presented. The potentially huge
effort associated with construction of accurate CPTs is sometimes referred to as “the intractability of knowledge acquisition”
[6] or “knowledge acquisition bottleneck” [7] problem. Predominantly, and for this paper, the allowable states for the variables
are binary valued.1
Tractability of CPT construction has risen as a practical issue
in construction of real models in which CPTs represent expert
opinion and absence of data precludes learning approaches. It is
not uncommon for an effect to have eight to ten and sometimes
more relevant causes which translates to CPTs requiring from
256 to 1024 entries. Model builders simply will not expend the
effort required to estimate this many parameters.
Accuracy of CPTs has been limited by the current techniques
used for actually estimating CPTs from limited user inputs. The
primary technique in use today is the Noisy OR model attributed
to Pearl [4] but traceable to Good [17], [18], and extended by
others [7], [9], [10]. The Noisy OR theory assumes that all causes
of an effect are independent of each other: that each cause is
capable, by itself, of causing the effect, and that this capability
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states are False = 0 and True = 1.

is not affected by the presence or absence of other active causes.
Thus, using Noisy OR, it is not possible to capture such causal
notions as synergy among causes, interference, necessity, and
the like. Yet such notions often dominate the thinking of actual
model builders.
The theory to be presented goes beyond probability theory
by using causal ideas to make CPT construction more tractable
and accurate. Strict probability theory provides no bounds on
the entries in a CPT, except each entry must be a value within
the range zero to one. The Noisy OR formalism mentioned in
Pearl [4] can be viewed as an element of a causal theory, even
though it is usually presented as a probabilistic theory. In fact
the work presented here is essentially an extension of Noisy OR
The theory to be developed here relates various CPT values to
each other, given various causal assumptions. To emphasize the
causal nature of Noisy OR, we will develop it from a causal foundation rather than from the usual probabilistic-logical foundations. This development is presented in Section II of the paper.
After developing the Noisy OR from a causal foundation, in
Section III we will extend Noisy OR to a technique we term Recursive Noisy OR (RNOR). RNOR allows arbitrary entries of
causally dependent probabilities to be entered. These arbitrary
entries are intended to be the modelers’ key estimates about a
domain’s synergy, AND relations, etc, the very estimates which
cannot be captured by Noisy OR itself. Most importantly the rule
allows the causal information in the provided values to be used
in a semantically consistent way to estimate other entries which
the modeler chooses not to provide. The rule is analyzed and its
limitations are discussed. We also present an algorithm using
RNOR to construct a complete CPT. We claim that this algorithm allows domain causal relationships, over and above causal
independence to be tractably captured in a semantically meaningful way. With this algorithm, more accurate Bayes models
[1]–[5] can tractably be built. In our experience, we have seen
models in which this increased accuracy and tractability has rendered the Bayesian approach usable.
II. NOISY OR: A MODEL OF INDEPENDENT CAUSE
IN UNCERTAINTY
Pearl [4], [8] is credited with the introduction of the Noisy
for binary variables, however it is observable in the work of
Good [17], [18]. This was done under a so-called modeling type
of “disjunctive interaction” leading to a widely applicable rule
of combination. For the original derivation of the Noisy OR the
reader is referred to Pearl [4]. As mentioned previously, we will
develop the Noisy OR from a causal foundation.
An uncertain cause is a cause which can produce an effect, but
does not always do so. Throwing a ball at bowling pin supported
OR
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on a table is such an uncertain cause: the ball may not strike the
pin, but even if it does, the pin may not fall over. Thus, we can
talk of the probability that a ball thrown by some individual will
knock over a pin.
An independent cause is one whose probability of effect is
not dependent on any other causes. Multiple throws of a ball at
a bowling pin can be such independent causes. If any particular
throw has a 30% chance of knocking over the pin, it makes no
difference if three or if five previous throws have failed to knock
the pin, the probability on the next throw remains 30%. Independent causes do not need to be repetitions of the same cause. For
example, kicking the table on which the pin is standing could be
another independent cause for knocking the pin over.
Under the assumption of independent causality, all causes
must have each failed (independently) to achieve its purpose if
the effect has not been achieved. If the pin remains standing,
then all throws must have failed to knock the pin over and all
kicks failed as well. If there have been two throws and one kick,
we can use independence of the causes to compute that the probability of the pin not being toppled by one of these causal actions
is given by

to indicate the th
independent causes of , where we use
independent cause. As such, we can now write the general form

Given our assumptions, this is equivalent to writing

(3)
We will use a superscript of to clarify when we are referring
to a probability estimate generated by the Noisy OR.
We will show in Section III-B how the results of this and
the next section can be used to create CPTs in the context of a
Bayesian network. But nowhere yet have we relied on Bayesian
Network concepts. Likewise, the probabilities we have introduced so far are not “conditional” probabilities in the probabilistic sense. They are probabilities (potentially at least) determined subjectively. Probabilities such as these which are not
conditional probabilities will continue to be the basis of the
work in Section III. To relate (2) and (3) to other work in the
literature, the probabilities of (2) can be roughly thought of as
conditional probabilities derived from some joint distribution,
and causes and effects thought of as binary events in this joint
distribution (e.g. cause “active” is event “true”).

or equivalently

More precisely, (pin fell over) is an estimate of the lower
bound of the probability that the pin fell over. Only under the
assumption there are no other active causes can we rigorously
state that it is the actual probability.
By formalizing and generalizing the above equations, we will
derive a rule equivalent to the Noisy OR rule of Pearl [4] (and
others). However, we have derived it using only (except for
probabilistic independence) causal notions. Formally, we write
to mean the probability that is caused by . We
use
to emphasize that this is a domain notion of causality;
that is, we mean that is an uncertain outcome of physical
process of in some domain. We use rather than than to emphasize that our notation does not necessarily represent a conditional probability. Remember the adage that “Correlation is not
and
causation.” We will show the relation between
later in developing our algorithm using RNOR to build
a complete CPT.
We can generalize our previous discussion of the probability
that the pin fell over by representing that there may be such

(1)
meaning that, under the assumptions of independent causality,
the probability that will be caused by at least one of the ’s is
computed by the expression on the right of (1). Indeed, from a
causal theory point of view, (1) can be viewed as our definition
of independent causality. Note that this equation makes empirically testable predictions.
The form of the equation that will be used most frequently in
what follows is

(2)
For convenience, we introduce the following shorthand no,
tation:
which if
can be written as
. This
can be read as the probability of caused by , where is the
set of active causes of .2 We can now rewrite (2) as

A. Related Work
The Noisy OR has also been extended to consider nonbinary
(multistate) cases which are termed the Generalized Noisy OR
(GNOR) or noisy-MAX. Henrion [10] suggested that “one can
binary variables. The resulting
treat an -ary variable as
value of the effect variable is the maximum of the levels produced by each of its influencing variables”. This approach was
extended by Diez [7]. Independently Srinivas [9] derived a version of the GNOR extending the Noisy OR [4] to manage multistate instances through a function which maps the interaction of
the multistate inputs to a multistate output. For some instances
such as a known digital circuit the determination of this function is a clear-cut exercise, however there are instances where
determination of this function is not as evident. In all cases of

x is the subset of parents in the “true” state.

2
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a GNOR, it has been shown that the original Noisy OR is subsumed.
III. RECURSIVE NOISY OR: ALLOWING DEPENDENT CAUSES
In this section, we state a rule allowing combinations of dependent causes to be used for estimating the probability of an
effect. This rule, as derived in Appendix A, is based on a re-representation of the rule in (3). This representation allows probabilistic knowledge about dependent causal interactions to be
used for estimation of the probability of an effect.
As an example of dependent cause, we expand the bowling
pin example of the previous section: If we kick the table supporting the bowling pin while the pin is still wobbling from
being hit by a throw, there will be a much better chance of the
pin falling. It will be better than if we wait for the pin to stop
wobbling before kicking. When the throw and the kick occur
more or less simultaneously to produce a common effect, they
act synergistically. In the synergistic case, the throw and the kick
are causally dependent because we feel that (3) is no longer a
good approximation of our knowledge.
be the probability of the bowling pin falling from
Let
be the probability from just a kick. By
just a throw, and let
saying that the throw and the kick acting together are not inde.
pendent, we mean that
We can suppose, for example, that we have some empirical
(or thought-to-be) values for these probabilities and that the
inequality holds. Suppose is another throw, not related to the
throw t or the kick . We might reasonably compute
,
the probability of the pin falling by three of these causes (in.
cluding two dependent causes) as
But if there are other dependencies involved (perhaps, the
thrower is more likely to succeed on a second throw), a reasonable formula for all three causes is less clear.
To handle the general case of causal dependencies, we propose the following rule, which we term the RNOR (a methodology for deriving the lower part of the representation for the
RNOR (4) is presented in Appendix A):

(4)

The symbol denotes set subtraction and
mod
represents
the modulus function.
For the purposes of readability, we have elected to simplify
everywhere, we
our notation; instead of explicitly writing
will use the form
with the inference being that we are discussing causal probabilities as laid out in Section II. Also, for
purposes of clarity, we will denote a causal probability of an
effect for a set of causes to have one of the following superscripts E:
, N:
and R:
; these are causal probability estimates provided by an Expert, Noisy OR, and RNOR
respectively. As with the Noisy OR, absence of active causes in
.
the RNOR induces a zero probability i.e.

The RNOR is recursive in the same sense that the factorial function is recursive, that is unknown right hand elements of (4) invoke the RNOR for a smaller set of causes.
The major advantage of the RNOR rule (4) is that it allows
arbitrary causally dependent subsets of probability information
. Thus this rule
to be incorporated in the estimation of
can handle cases such as described in the earlier paragraph of
the bowling pin example. Example 1 below demonstrates the
workings of this rule. The ground instance of this recursion oc. As an example of grounding, note that if
curs when
, then
. Thus,
for (4) to be useful, the probabilities for singleton causes must
be provided.
Example 1: The following is an example of how to use the
. (Then in this case
RNOR. Assume that
). Thus, (4) means that

(5)
From this example, we can see that the
and
appearing in the right part of (4) represents potentially causally dependent probabilities. Continuing,
such that causal inif we have an empirical estimate of
dependence does not in fact hold, we can substitute this estimate into (5). The new result will be a different estimate of
than the simple Noisy OR of (3). In the sense
that it now uses our knowledge of causal dependence, it may be
a better estimate as well as a different estimate.
We base our claims that RNOR is a good rule on several facts.
First, RNOR is a generalization of Noisy OR. We will prove that
RNOR reduces to Noisy OR when the expert provides
only in cases where
. Second, we will show that certain ratios that we will term synergies and interferences are preserved by this rule. Finally, we will present examples of probabilities estimated by this rule and discuss the appropriateness of
these estimates.
We also discuss the conditions under which RNOR can be
applied. We will show that as long as the expert provides values
which do not imply inhibition among causes, RNOR can be applicable. However, expert provided values implying inhibition
will cause RNOR to produce values greater than one. We use a
different approach than RNOR to handle inhibition and is discussed in a forthcoming paper.
Before discussing the suitability and usefulness of (4) as a
rule into which known (elicited) dependent probability information can be inserted, combined, and utilized, we present a
detailed example.
causes
Example 2: For the case where we have
of . The information that is given is
,
,
,
,
,
,
, and
. Utilizing the given information, we will compute the probability estimates as per the RNOR
and Noisy OR (for comparison)—this is shown in Table I.
The table demonstrates how one uses the RNOR and how either previously computed values or given information is substituted into the RNOR. One should note that given information is
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TABLE I
COMPUTATION OF CAUSAL PROBABILITIES, p
~ (1)

always substituted in preference to a computed value. The example values used in computation of the values of Table I are
such that the causal dependencies are moderately synergistic
(we will explain our interpretation of synergy later). That is,
is
compared to values generated by the Noisy OR:
is 25% greater,
is 29%
19% greater,
is 14% greater. Given this informagreater, and
tion it is reasonable to expect that other combinations would also
exhibit a synergistic outcome. The RNOR is such a rule of combination that it allows us to compute an estimate of the causal
probability values. As anticipated, the values computed by the
RNOR from the information provided do retain a synergistic
factor over that of the Noisy OR. For example
computed via the RNOR is 21% greater than the Noisy OR value.
A. Analysis of the RNOR Rule
There are at least two criteria by which we ought to judge
RNOR. The first is: whether the numbers computed by the rule
are semantically meaningful. The second is: under what conditions is it axiomatically correct. We could adopt the attitude
(prevalent in Fuzzy Set and Possibility Theory communities) to
not worry about empirical semantics. However we feel that since
RNOR is a causal theory, it requires empirical semantic justification. We are unable to provide formal causal justification, but
will provide both suggestive theorems and suggestive examples.
We will also prove that under a wide range of precisely characterized and useful circumstances, the rule produces axiomatically correct results.

1) Positive Causality: The condition that we term positive
causality will be sufficient to ensure axiomatic correctness of
probabilities computed by rule (4). The basic idea of positive
causality is that additional active causes always increase the
probability of achieving an effect.
More formally, we state the following.
Definition 1: Positive Causality

Intuitively, definition one means that additional causes never
decrease the probability of an effect. Examples of this definition follow the next theorem and its proof. The condition of
positive causality is sufficient to guarantee that if all expert-proare valid probabilities which satisfy
vided probabilities
positive causality, then all probabilities computed by RNOR are
also valid and in general satisfy positive causality.
Theorem 1: If, for all such that is a proper subset of ,
), and
is valid:
(i.e.

and positive causality holds

then

is valid
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Proof: Recalling that
If the expert provides
, then
is valid.
theorem is true if
Otherwise, if
is to be computed, then

and the

By positive causality, numerator and denominator terms can
be paired so that each pair is in the range zero through one.
Specifically

From this, we can see that
is a product of terms all of
which lie in the inclusive range, 0 through 1. Thus
also lies in this range, which in turn implies that
lies in
.
the same range. Thus,
An example of positive causality in action is where we have
, we recognize that there
three possible causes of ,
are three possibilities for . That is can be either
,
or
. Under positive causality, this means that
.
Violation of definition one (positive causality) is in fact inhibition, a subject of a different paper. Checking for such violations is trivial and may be considered an appropriate mechanism for model data scrutiny. Positive causality guarantees that
RNOR produces estimates within the correct ranges of probability. That is the impact of positive causality is such that the
resultant denominator of (4) is always greater than the resultant numerator of (4), thus guaranteeing an estimate within the
range of zero and one. Positive causality is sufficient for validity
’s but is by no means necessary. To see this,
of computed
consider the proof of the last theorem. It is not necessary that
as
each and every one of the terms, , be in the range
guaranteed by positive causality, but only that the full product
be in this range.
Unfortunately, positive causality does not guarantee continuing positive causality either. Even if positive causality holds
. To see this consider the
for , it may not hold for
following example: Suppose that

where is some valid probability value. This set of values
(why
satisfies positive causality. However,
0 is a reasonable result will be discussed below.) Thus, if
this expanded sequence were used to compute, for example,
, positive causality may also no longer hold. But
we should remember that positive causality, while sufficient, is
to be valid.
not necessary for the computed
? Consider the seWhy is it reasonable that
mantics of the values which produced this result. The equality,
, is semantically interpretable as has no
causal effect when combined with . Similarly has no effect
combined with , and none with . The net result is that they
cancel each other out and resulting causal probability is zero.
substitute the
To observe the zero effect resulting in

value of for
into the RNOR

,

,

,

,

,

A potential problem with RNOR is that its computation can
appearing in
become undefined. This will happen if any
the denominator of the RNOR is equal to one. This is simply
provided by an expert is
ameliorated by noting that if no
will become equal to one either.
ever equal to one, no
Theorem 2: If

then

Proof: Induction on
Case
Assume
. Then
is not equal to 1.
Case
By RNOR

which by hypothesis

By induction, the numerator will never be 0. Therefore,
can never be 1.
2) Noisy OR is a Special Case of RNOR: Here, we will now
show that when the expert provides only values,
, such
, RNOR is equivalent to Noisy OR.
that
.
We have defined the following three ways of estimating
I.
The model builder provides an estimate of
. We
denote such a probability as
,
II.
Utilizing the Noisy OR as per the literature: if
then
.
III. The RNOR to be denoted
, for
.

Note that neither Noisy OR nor RNOR is defined if the mod, for all the elements
eler does not provide probabilities,
of . However, these values may be 0.
We now state and prove two lemmas which will help in
proving our central results.
, by definition
Lemma 1: For
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Lemma 2: If

, then

Proof: We commence with the right hand side of Lemma
2

By definition of Noisy OR (3)

Because only one term from the numerator is missing in the
denominator

By definition of the “mod” operator

By definition of Noisy OR (3)

The following theorem states that if the only information provided by an expert or modeler is that involving the individual
causes, RNOR is equivalent to the Noisy OR.
,
is not provided, then
Theorem 3: If for all ,

Proof: By induction on .
:
Case
, Then by Lemma 1
Let

Case
:
Induction hypothesis: The theorem holds for
By definition

.
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This theorem shows that for the case when the expert provided information is for singleton causes, the RNOR reduces to
the Noisy OR. As such, the RNOR is a mathematical generalization of Noisy OR. Because of this, we expect that it also is a
generalization of the semantic mechanisms upon which Noisy
OR is based.
We feel that the theorem to be proved in the next section
furthers this semantic argument. This next theorem can be interpreted as showing that RNOR preserves and combines expert-provided information about how causes “work together”
and does so without adding additional information. We call the
ways in which causes can work together “Synergy” and “Interference”.
3) Synergy and Interference: Synergy is generally agreed
upon to mean a mutually advantageous conjunction of causes,
that is the effect of combination of these causes is greater than
the combined independent product (i.e. that presented by the
Noisy OR). We use the term interference herein as the antonym
of synergy, in essence when we have two or more causes that act
in such a way that they interfere, the combination of these causes
is less than the combined independent product. Given the potential for confusion here we paraphrase; Synergy as satisfying
positive causality and the effect being greater than presented via
the Noisy OR. Interference is when we satisfy positive causality
and the effect is less than result of Noisy OR calculation.3 To
facilitate the ensuing discussions on Synergy and Interference,
we introduce the following definition. We will later show that
RNOR preserves synergy and interference.
Definition 2: Information on the probability of an effect from
a combination of causes provided by an expert (or estimated via
the RNOR) can be represented as a scalar multiple of the regular
Noisy OR. We represent this analytically as

where
represents the probability from a RNOR estimarepresents the standard Noisy OR estimation.
tion and
represents a scalar gain or attenuation coeffiThe factor
cient between the two estimates.
is less than one then it represents a biased ampliIf
fying coefficient of the probability and hence synergy. Conis greater than one then it represents a biased
versely if
attenuating coefficient and hence interference. Finally, if
is equal to one then an independent product combination could
hold implying causal independence. The reader is referred to
Appendix B for further explanation of this relationship.
Definition 2 has the following property, encapsulated in Theorem 4.
Theorem 4: When the expert/modeler does not provide
, then for

By induction

By Lemma 2

both

Proof: The theorem is defined whenever
and
are defined. Since

because

= inhibition. Inhibition occurs when positive causality is not

3Interference 6
satisfied.
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we have
, we also have
Thus, by Definition 2
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. Lemma 1 shows that, when
.

we can interpret this as independent combination with “double
counting” of synergies, eliminated by the terms in the denominator.
B. Computation of a CPT

By the definition of RNOR

Again, by Definition 2, we have the equation at the bottom of
page.
By Lemma 2

Theorems three and four suggest the value and usefulness of
the RNOR. Theorem three shows that: 1) RNOR reduces to the
Noisy OR when the only individual causation (singleton) probabilities are provided and 2) that RNOR allows explicit inclusion
of higher order causal dependencies that an expert deems important. RNOR also combines multiple expert-provided higher
order causal dependencies into still higher order probability estimates. These properties have been demonstrated in example 2.
Theorem 4 suggests how multiple expert-provided higher
order causal dependencies are combined. It suggests that synergy estimates, the ’s are combined more or less as though
they are independent. To see this, consider that

Suppose that
contains all the parents of an event in a
Bayesian Network and there are no other (unmodeled) causes.
, in the course of its recursion,
Then the computation of
also computes all entries necessary for the child’s conditional
probability table (see example 2). Therefore, computing
and setting
is sufficient to specify a CPT.
If we wish, however, to consider (independent) causes not included in the model, we need to introduce the idea of a leak
probability. Henrion [10] introduced the “leak probability,” de, which in essence represents the probanoted herein as
bility that will be declared true even when all the listed causes
are not active. Alternatively, one could surmise that the leak
probability represents the causes that were considered not of
interest to be explicitly modeled as causes in their own right.
The idea of the leak probability is very useful as it allows the
modeler to focus on the “important” and significant causes and
“lump” the insignificant, incidental or unimportant causes into
one factor leak . Our method of incorporating the leak probability assumes that the leak is causally independent from the
true” portion of the CPT is
causes of interest. Thus the “
computed using
(6)
The remainder of the CPT is determined by using the identity
.
Example 3: As per example 2, however, the expert also pro. Using
vides their estimate of leak probability to be
the results determined as per Table I, (6) and the aforementioned
probability identity we determine the CPT to be as per Table II.
As per any recursive technique, computational efficacy can
ascending
be obtained by computing all the RNOR entries in
cardinality order for the various causal combinations that correand storing the computed values for insertion rather
spond to
than traversing the recursion every time. For example, when
has
causes
, we would calcu:
late our estimate via the RNOR in the following order:
, then

Here we see the synergies, the ’s, combining as though they
are “independent.” If we look at

:

, then
:
.
Note that the order of the estimates in the curly braces is not
important, just the cardinality order. The remaining step for CPT
computation is to use (6).
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TABLE II
COMPUTED CPT

C. Related Work
In the proceeding section, we demonstrated how our causal
theory can be used to compute CPTs. Other researchers have
also attempted to address the problem of populating CPTs with
researchers such as Poole [16] choosing a representation in
terms of rules that provide conditional probabilities in different
contexts. Poole’s approach, however, can lead to an overhead
in manipulating the rules. Also, this approach applies only to
computing the posterior probabilities, i.e. a prior CPT is still
required. Other approaches, chosen by researchers to obtain
an a-priori CPT, include learning from a dataset [12]–[15].
Whilst these approaches have been shown to deliver remarkable
performance, for example [12], one needs to recognize that
with learning the accuracy of the values determined as entries
for the CPT is directly related to the number of instances in the
data set, i.e. the training data set requirements grow with the
number of CPT entries [13]. Yet as Diez [7] put it succinctly
“Very often, there is not even an incomplete database, and the
knowledge engineer must resort to subjective assessment of
probability obtained from human experts, who make use of
their memory and of the literature published in their field”.
We are interested in the situations with no prior history and,
furthermore where it is likely that the ‘knowledge engineer’ is
the end user/planner.
Such cases arise when using binary Causal Analysis for plan
analysis. A popular approach that has been exploited in obtaining the prior CPT is that of the Noisy OR [4] and its variants [6], [7], [9]–[11] which provide the means to represent or
generate a CPT with a linear number, greater than or equal to,
entries. The principal problem with the Noisy OR is that it does
not easily accommodate concepts such as synergy or interference. This is a consequence of the independence assumption of
the Noisy OR.
IV. CONCLUSIONS
This paper focused on approaches that address the
intractability of knowledge acquisition of CPTs in
causal/Bayesian networks. We introduced the RNOR, a
canonical formulation of multicausal interactions. We have
shown through the development and proof of lemmas and
theorems, and with examples that the RNOR allows for
the building of better models by inclusion of known causal

dependencies, with subsequent use of these dependencies
in calculation of higher order causal probabilities. We have
shown that the RNOR can subsume or reduce to the Noisy
OR when only individual causation probabilities are provided.
In the course of demonstrating that the RNOR permits the
inclusion of causal concepts such as synergy and interference,
we have also formalized a definition for these concepts and
a simple means to quantify these concepts. Furthermore, we
have shown that the probability estimates generated by the
RNOR incorporate and factor these synergies and interferences
in a meaningful way. It is through these mechanisms that the
RNOR can facilitate the modeler and is applicable in cases
where the Noisy OR would fail. One such example is the
case where a single cause is known to have no impact on the
effect unless it is used in a specific combination with other
causes. This example would logically result in this cause being
removed from the Noisy OR (except in the case of manual CPT
intervention), hence, invalidating the use of the Noisy OR in
this case, yet the RNOR elegantly accounts for this case. The
development of our causal theory is embodied in the RNOR
rule, we further presented a method for the determination of
the CPT from this causal theory and demonstrated this by an
example.
APPENDIX A
We commence derivation of the lower part of the RNOR rule
by re-writing the Noisy OR, (3). Equation (A.1) below is such a
rewriting. This can be seen by cancelling

(A.1)

the numerator into the denominator. Thus, (A.1) is simply another form of our Noisy OR. The equality of (A.1) with (3) can
also be seen by expanding (A.1), canceling terms, and noting
occurs exactly once.
that, for all , the factor
Expanding the right-hand side of (A.1) yields
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Expanding further and rearranging the factors gives the equation at the top of the page.
is missing from the numerator of
Note that
the first quotient,
is missing from the numerator
of the second quotient, etc. Also note that
is missing from the denominator of the first quotient,
is missing from the denominator of
the second quotient, and so on.
Using a simpler notation, the last equation can be rewritten as

It is easily shown that the scalar
and
, and vice versa

can be determined from

(B.1)
Using the relationship of (B.1), when
, hence representing synergy, and when
representing interference, and finally
cates the possibility of independence.

then
then
indi-
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